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1 Introduction. 

For clarity of exposition, we will call an oriented surface M immersed in M 3 an 
H-surface if it is embedded , connected and it has positive constant mean curvature 
H. We will call an H -surface an H-disk if the H- surface is homeomorphic to a 
closed disk in the Euclidean plane. 

The main result in this paper is the following curvature estimate for compact 
disks embedded in M 3 with nonzero constant mean curvature. 

Theorem 1.1 (Extrinsic Curvature Estimates). Given <5, 'H > 0, there exists a con¬ 
stant Kq( 6, H) such that for any H-disk V with H > H, 

su P{peC|(i R 3(p,axt)> ( 5}l j 4i?| < Kq{8,H). 

We wish to emphasize to the reader that the curvature estimates for embedded 
constant mean curvature disks given in Theorem 1.1 depend only on the lower pos¬ 
itive bound 'H for their mean curvature. Previous important examples of curvature 
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estimates for constant mean curvature surfaces, assuming certain geometric condi¬ 
tions, can be found in the literature; see for instance [2, 3, 4, 9, 10, 27, 28, 29, 30, 
34, 35], 

We now give a brief outline of our approach to proving Theorem 1.1. The proof 
of this theorem is by contradiction and relies on an accurate geometric description 
of a 1-disk near interior points where the norm of the second fundamental form 
becomes arbitrarily large. This geometric description is inspired by the pioneering 
work of Colding and Minicozzi in the minimal case [6, 7, 8, 9]; however in the con¬ 
stant positive mean curvature setting this description leads to curvature estimates. 
Rescalings of a helicoid give rise to a sequence of embedded minimal disks with 
arbitrarily large norms of their second fundamental forms at points that can be ar¬ 
bitrarily far from their boundary curves; therefore in the minimal setting, curvature 
estimates do not hold. 

Finally, this curvature estimate is the key to proving several fundamental results 
about the geometry of H -surfaces, see [18, 21, 22, 23]. In turn, these results are 
used in [19] to generalize the extrinsic curvature estimate to an intrinsic one. 

The theory developed in this manuscript also provides key tools for understand¬ 
ing the geometry of H -disks in a Riemannian three-manifold, especially in the case 
that the manifold is locally homogeneous. These generalizations and applications 
of the work presented here will appeal - in our forthcoming paper [20]. 

2 An Extrinsic Curvature Estimate for certain planar do¬ 
mains 

First, we fix some notations that we use throughout the paper. 

• For r > 0 and p G M 3 , B (p, r ) := {x = (xi,X 2 ,xs) G R 3 | \p — x\ < r} 
and B(r) := B(0, r). 

• For r > 0 and p G £, a surface in R 3 , B^(p, r) denotes the open intrinsic 
ball in S of radius r. 

• For positive numbers r, h and t, 

C(r, h,t ) := {(xi,X 2 ,x 3 ) G R 3 | (xi - t ) 2 + x\ < r 2 , |x 3 | < h}, 

which is the solid closed vertical cylinder of radius r, height 2 h and centered 
at the point (t, 0,0): 

C(r,h) := C(r, h, 0). 
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• For positive numbers r\ > r 2 > 0, we let 

A(r l ,r 2 ) := {(aq, x 2 , xf) £ M 3 | r 2 < \jx\+x\ < n, x 3 = 0 }, 

which is the annulus in the plane { x 3 = 0 }, centered at the origin with outer 
radius n and inner radius r 2 . 

• For R > 0 and p G M 3 , Cr{p) denotes the infinite solid vertical cylinder 
centered at p of radius R and Cr := Cr( 0). 

The first step in proving the intrinsic curvature estimate for H -disks in Theo¬ 
rem ?? is to obtain an extrinsic curvature estimate. Theorem 2.2 below, for certain 
compact H -surfaces that arc planar domains. 

Before stating Theorem 2.2, we describe the notion of the flux of a 1-cycle in 
an H -surface; see for instance [14, 15, 31] for further discussion of this invariant. 

Definition 2.1. Let 7 be a piecewise-smooth 1-cycle in an H -surface M. The 
flux of 7 is f (H 7 + 0 x 7 , where £ is the unit normal to M along 7 and 7 is 
parameterized by arc length. 

The flux is a homological invariant and we say that M has zero flux if the flux 
of any 1-cycle in M is zero; in particular, since the first homology group of a disk 
is zero, the flux of an if-disk is zero. 

Theorem 2.2. Given e > 0, m £ N and H £ (0, ^), there exists a constant 
K(m , e, H) such that the following holds. Let M C B(e) be a compact, connected 
H-surface of genus zero with at most m boundary components, 0 £ M, dM C 
9B(e) and M has zero flux. Then: 

\A M \(0)<K{m,e,H). 

Remark 2.3. In Proposition 3.1 we prove that given an if-disk S such that 0T C 
<9B(e) with H £ (0, ^), then the number of boundary components of a connected 
component of S n B(e) is bounded from above by some natural number Nq that is 
independent of £. Therefore, Theorem 2.2 together with Proposition 3.1 gives the 
extrinsic curvature estimate constant K(Nq, e,H) for E. 

The proof of Theorem 2.2 is quite long and involves the proofs of other impor¬ 
tant results. Before entering into the details we outline its organization. 

We first introduce the notion of multi-valued graph, see [7] for further discus¬ 
sion and Figure 1. Intuitively, an iV-valued graph is a simply-connected embedded 
surface covering an annulus such that over a neighborhood of each point of the 
annulus, the surface consists of N graphs. The stereotypical infinite multi-valued 
graph is half of a helicoid, i.e., half of an infinite double-spiral staircase. 
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u(n,37r) 




Figure 1: A right-handed 3-valued graph. 


Definition 2.4 (Multi-valued graph). Let V denote the universal cover of the punc¬ 
tured (xi, X 2 )-plane, {(xi, X 2 , 0 ) | (x\,X 2 ) ( 0 , 0 )}, with global coordinates 

1. An N-valued graph over the annulus A(r\, r 2 ) is a single valued graph u{p. 9) 
over{(p, 9) \ r 2 < p < ri, |0| < Nn} C V, if N is odd, or over {(p, 9) \ r 2 < 
p < n, (-N + l)7r < 9 < ir(N + 1)} C V, if N is even. 

2. An A r -valued graph u(p,9) over the annulus A[r\. rp) is called righthanded 
[lefthanded] if whenever it makes sense, u(p, 9) < u(p, 9 + 27r) [u(p, 9) > 
u(p, 9 + 27t)] 

3. The set {(r 2 , 9, u(r 2 , 9)), 9 G [—Nn, AAr]} when is odd (or {(>2 , 9, u{r 2 , 9)), 9 G 

[(—A^+l)^, (A^+l)^]} when N is even) is the inner boundary of the A^-valued 
graph. 

Note that the boundary of an A^-valued graph consists of four connected smooth 
arcs. They are a spiral on dC ri , a spiral on dC T2 which is the inner boundary, and 
two arcs 7 ± connecting the top and bottom endpoints of these spirals. These latter 
arcs are of the form 


7 ± = {(i,0,</> ± (f)) | t G [-ri,-r 2 ]}, 

where (f)^ are smooth functions. 

For simplicity, in the next Definitions 2.5 and 2.6, we assume N is odd and that 
the A r -valued graph is righthanded; the analogous definitions when N is even or 
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the graph is lefthanded arc left to the reader. When we encounter iV-valued graphs 
in the proof of Theorem 2.2, we will also assume, without loss of generality, that 
N is odd and the iV-valued graph is righthanded. 

Definition 2.5. We call the set 

u[k] := {(p, 9 , u(p, 9)) | r 2 < p < ri, (-N + 2k — 2)ir < 9 < (-N + 2k)ir}, 

where k = 1,... ,N, the k-th sheet of the N-valued graph and := u[[N/ 
2] + 1] is its middle sheet ; here, [N/2] denotes the integer paid of N/2. 

Definition 2.6. Given an iV-valued graph u, N > 1, over the annulus A(r\, rf) we 
let W[u] denote the open solid region trapped between the sheets of u. Namely, 
W[u] is the connected, open, bounded solid region of M 3 whose boundary consists 
of the iV-valued graph u together with the following union of vertical segments: the 
set of vertical segments whose endpoints are (?’ 2 , 9 , u(r 2 , 9)), (?’ 2 , 9+2ir, u(r 2 , 9+ 
2n)) with 9 G "— Ntt , (N — 2 ) 7 r], the set of vertical segments whose end points 
are (r\,9, u(r\,9)), (r\,9 + 2n , u(r\,9 + 2 t r)) with 9 G [— (N — 2)i r], the 
set of vertical segments whose end points ai - e ( p,(N — 2 )tt, u(p, (N — 2)i r)), 
(p, Ntt, u(p, Nit)) with p e [r 2 ,ri] and the set of vertical segments whose end 
points are (p, — Ntt, u(p, — Ntt)), (p,—(N — 2 )tt, u(p, — (N — 2)i r)) with p G 
[?’ 2 , ri]. We can parameterize the set W[u] in a natural way by using coordinates 
(p, 9 , X 3 ) with (p, 9 , X 3 ) in an open subset of (?’ 2 , r\) x (—Ntt, ( N — 2)t r) x M. 

Below are the main steps of the proof of Theorem 2.2. Arguing by contradic¬ 
tion, suppose that the theorem fails. In this case, for some £ > 0 and H G (0, ^ 7 ) 
there exists a sequence M n of H -surfaces satisfying the hypotheses of the theorem 
and | Am u \ (0) > n. Since H is fixed, by scaling and after reindexing the elements 
of the sequence, we can assume that £ < H = 1 and ,4 ; \/ n |((T) > n. After 
replacing M n by a subsequence composed by translations, with translation vectors 
v n having \v n \ < e/ 4, and a fixed rotation, that we shall still call M n , when n is 
sufficiently large we will prove the following. 

1. In Section 2.1, we show that M n is closely approximated by a vertical helicoid 
on a small scale around the origin. 

2. In Section 2.2, we prove that there exists a sequence of embedded stable minimal 
disks E(n) on the mean convex side of M n , where E(n) contains a multi-valued 
graph En that starts near the origin and extends horizontally on a scale propor¬ 
tional to £. 

3. In Section 2.3, we use the existence of the minimal multi-valued graph E (J n 
to prove that M n contains a pair Gn P , Gf l >uni of oppositely oriented 3-valued 
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graphs with norms of the gradients bounded by 1 that start near the origin and 
extend horizontally on a scale proportional to e, and satisfying W [G'n] n G^ own 
is a 2-valued graph. 

4. Finally, we use the existence of the pairs of 3-valued graphs Gn P , G r )( yuni C M n 
to obtain a contradiction and thereby prove the curvature estimate described in 
Theorem 2.2. 


2.1 Local picture near a point of large curvature. 

In this section we describe the geometry of constant mean curvature planar domains 
with zero flux near interior points of large curvature. Roughly speaking, nearby a 
point with large norm of the second fundamental form, the planar domain contains 
a pair of oppositely oriented multi-valued graphs like in a helicoid. In the case of 
embedded minimal disks such a description was given by Colding and Minicozzi 
in [7]; see also [32, 33] for related results. By rescaling arguments this description 
can be improved upon once one knows that the helicoid is the unique complete, 
embedded, non-flat minimal surface in M 3 as explained below; see [17] and also [1] 
for proofs of the uniqueness of the helicoid which arc based in paid on results in 
[6,7, 8, 9, 10]. 

Fix e G (0, !), a sequence p n G M n n B(e) is a sequence of, so-called, points 
of almost-maximal curvature, if p n is a maximum for the function 


fn : M n n B(e) —> [0,oo), /„(•) = \A Mn \(-)(e- | • |); 


note that the points p n lie in the interior B(e) of 3(e). 

By a standard compactness argument, see for instance the proof and statement 
of Theorem 1.1 in [16] or Lemma 5.5 in [17], given a sequence p n G M n fiB(e) of 
points of almost-maximal curvature, there exist positive numbers S n , with 5 n 0, 
and a subsequence, that we still call M n , such that the surfaces M n = M n n 
B {pn,$n), satisfy: 

1 . lim n ->oc 6 n ■ \A Mn \(p n ) = oo. 

2 ■ su P p eMn I A mJ(p) ^ i 1 + h) ■ I A mJ(Pu)- 

3. The sequence of translated and rescaled surfaces 


S 


n 


l 

V2 


\A Mn \(Pn) ■ (M n 


Pn) 


converges smoothly with multiplicity one or two on compact subsets of M 3 to 
a connected, properly embedded, nonflat minimal surface Sqo with bounded 
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norm of the second fundamental form. More precisely, 

< l^sj(0) = y/2. 

5^00 

4. In the case that the convergence has multiplicity two, then the mean curvature 
vectors of the two surfaces limiting to E^ point away from the collapsing region 
between them; recall that the mean curvature vector is H£ where £ is the unit 
normal. 

5. Given any smooth loop a in Eoo, for each n sufficiently large, a has a normal 
lift a n C E n such that the lifted loops converge smoothly with multiplicity one 
to a as n —> oo; in the case the convergence has multiplicity two, there are 
exactly two such pairwise disjoint normal lifts of a n to E n . 

We now give some details on obtaining the above description. Regarding the 
convergence of the surfaces E n to E^, the fact that a subsequence of the rescaled 
surfaces E n converges smoothly to a connected, properly embedded, nonflat mini¬ 
mal surface E^ with bounded norm of the second fundamental form can be seen as 
follows. A standard compactness argument shows that a subsequence converges to 
a nonflat minimal lamination of M 3 with leaves having uniformly bounded norms 
of their second fundamental forms; see for instance the proof of Lemma 5.5 in [17] 
for this type of compactness argument. Hence by Theorem 1.6 in [17], the lami¬ 
nation consists of a connected, properly embedded, nonflat minimal surface E^. 
The convergence of the E n to E^ is with multiplicity at most two because other¬ 
wise a higher multiplicity of convergence would allow the construction of a pos¬ 
itive Jacobi function on E^ and so E^ would be a stable minimal surface that 
is a plane [12, 13, 26], which is false; hence the multiplicity of convergence is at 
most two. The construction of this positive Jacobi function follows the construc¬ 
tion of a similar positive Jacobi function on a limit minimal surface in the proof of 
Lemma 5.5 in [17]. However, in our setting of multiplicity of convergence greater 
than two, one fixes an arbitrary compact domain ft C E^ containing the origin 
and, for n sufficiently large, finds two domains fti(n), ^(n) C E n , that are ex¬ 
pressed as small normal oriented graphs over Q, and have the same signed small 
constant mean curvatures. The proof of Lemma 5.5 then produces a positive Jacobi 
function F<> on ft with Fq( 0) = 1; since ft is arbitrary, it follows that E^ would 
be stable, which we already showed is impossible. This same argument explains 
why, in the case the multiplicity of convergence is two, the si mi lar geometric prop¬ 
erties in item 4 above hold. For still further details on this type of multiplicity of 
convergence at most two argument and for the collapsing description in item 4, see 
for example the proof of Case A of Proposition 3.1 in [23]. There it is explained, in 
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a si mi lar but slightly more general situation, that the convergence of a certain se¬ 
quence of H n - disks to a non-flat limit surface, which is a helicoid, has multiplicity 
at most two. 

The multiplicity of convergence being at most two, together with a standard 
curve lifting argument, implies E^ has genus zero and that item 5 holds. Then the 
loop lifting property in item 5 implies that the flux of the limit properly embedded 
minimal surface Eoo is zero. Since a minimal surface properly embedded in M 3 
with more than one end has nonzero flux [5], then E^ has one end. However, 
a genus zero surface with one end is simply-connected and so, E^ is a helicoid 
by [17]. 

In summary, arbitrarily close to the origin, depending on the choice of e, there 
exist helicoid-like surfaces (the surfaces E n above) forming on M n . Without loss 
of generality, after a translation of the M n , we may assume that p n = 0 and, 
abusing the notation, we will still assume that 0M n c cffi(e). In actuality 0M n 
lies on the boundary of a translation of OM(s). The arguments in the following 
constructions would either remain the same or can be easily modified, if one desires 
to keep track of these translations. 

After a possible rotation, we will also assume that E^ is a vertical helicoid 
containing the vertical a;3 -axis and the xx-axis. 

The proof of Theorem 2.2 breaks up into the following two cases: 

Case A: The convergence of E n to Eqq has multiplicity one. 

Case B: The convergence of S n to E^ has multiplicity two. 

We will consider both Case A and Case B simultaneously. However, our con¬ 
structions in Case B will be based on using only the forming helicoids on the sur¬ 
faces M n that actually pass through the origin. In a first reading of the following 
proof, we suggest that the reader assume Case A holds, as it is simpler to follow 
the constructions and the figures that we present in this case. 

The Description 2.7 below follows from the smooth convergence of the S n to 
Eoo and because the statements in it hold for the limit vertical helicoid Eoo that 
contains the x;j-axis and X 2 -axis. 

Description 2.7. Given £2 6 (0, 5 ) and N G N, there exists u > 0 such that 
for any coi > U 2 > UJ there exist an no G N and positive numbers r n , with 

fK 

r n = | 4 m v |( p ) » suc h that for any n > no the following statements hold. For 
clarity of exposition we abuse notation and we let M = M n and r = r n . 

1. M n C(uJir,Tr(N + l)r) consists of either one disk component, if Case A 
holds, or two disk components, if Case B holds. One of the two possible disks 



in M n C{u\ r\ n{N + l)r) contains the origin and we denote it by If 

Case B holds, we denote the other component by M*(uj\r). 


2. M(uj\r ) n C(ui 2 r, n(N + l)r) is also a disk and we denote it by M (u^r). 


3 . For any t 6 [—(iV + l) 7 rr, (N + 1)7rr], M(u\r) intersects the plane {2:3 = 
t} transversely in a single arc and when t is an integer multiple of nr, this 
arc is disjoint from the solid vertical cylinder (7(|, 1, | + uor). In particular, 
M{oj\r) n C(|, 1, | + W' 2 'r) is a collection of 2N + 2 disks, each of which is a 
graph over 


{x3 = 0} n c(uiir, 1) n c 


1 1 

2.1.-+OW- 


A si mi lar description is valid for M*(uj\r), if Case B holds. 


4. M(uj\r ) n [C(uJir,n(N + 1)?’) — Int^C'ju^r, n(N + l)r))], that is 


M(uj\r) — lnt(M(u 2 r)), 


contains two oppositely oriented A r -valued graphs a 1 and u -2 over A{uj\r, U 2 r). 
Moreover, these graphs u\ and u-> can be chosen so that if Case A holds then 
the related regions between the sheets satisfy 


(W[ui] U W[u 2 ]) fl M = graph(rti) U graph(u 2 ), 

where W[u] denotes the closure of W\u] in M 3 . In other words, no other paid of 
M comes between the sheets of graph(iii) and graph(n 2 ). 

If Case B holds, M*(u\r) n [C(oj\r, n(N + l)r) — Int(C'(w 2 r, n(N + 1)?’))] 

contains another pair of oppositely oriented A r -valued graphs u\ and u * 2 over 

A(uiir, uj 2 r) and 


(W[u 1 ] U W[u 2 ] U W[u\] U W[u* 2 }) n Af = 
graph(ui) U graph('U 2 ) U graph(rtj) U graphfnj)- 

5. The separation between the sheets of the A r -valued graphs v,\ and v ,-2 is bounded, 
i.e., for pi, p 2 G [co 2 r, wir], \9± — 82 ] < 47r and i = 1, 2, 

\ui(pi, 0]) - Ui(p 2 ,0 2 )\ < 6nr. 

The same is true for u*, if Case B holds. 

6 . | Vtii| < £ 2 , i = 1, 2. The same is true for u*, if Case B holds. 
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For the sake of completeness, in the discussion below we provide some of the 
details that lead to the above description. 

Let Sqo be the vertical helicoid containing the x 2 and a;:*-axes with ,4^ | (0) = 
y/2 and let £ n be as defined in the previous discussion. Then T, n converges 
smoothly with multiplicity one or two on compact subsets of M 3 to Hence for 
any uj\ > > 0 and N £ N, each of the intersection sets X n n C{uj\, n(N + 1)) 

and S n rC(uj 2 , tt(N + 1)) consist of either one or two disk components that satisfy 
the description in item 3, if n is taken sufficiently large. For simplicity, we provide 
some further details when Case A holds. If cJ is sufficiently large, given u\ > u, 
then Sqo fl tt(N + 1)) — Int(C(w, ir(N + 1)))] contains two oppositely 

oriented iV-valued graphs v\ and v 2 over A(ui, UJ) such that 

Mpi, 6>i) - Vi(p 2 , 0 2 )\ < 57t, i = 1, 2, 

Pl,P2 e [W2,wi], \6i - 0 2 \ < 47T, 

and |Vfj| < Y’ * = 1,2 and nothing else is trapped between the sheets of 
graph(rti) and graph('U 2 ) in the sense made precise by the previous description. 
Given because of the smooth convergence, there exists n G N such 

that for any n > n, then 

n [C(wi, vr(iV + 1)) - Int(C(d;, ir(N + 1)))] 

contains two oppositely oriented iV-valued graphs u\ and 11.2 over A{lj\,oj 2 ) such 
that for any k = 1,..., N — 1, 

\ui(pi,9i) - Ui(p 2 ,d 2 )\ < 67 r, 

pi, pi £ [u>2i ^ 2 ], 01^02 £ [{—N -\- 2k — 2 ) 77 , (—N -\- 2k -\- 2 ')tt\ 

and | VS, ; | < e 2 , i = 1, 2. By definition | Am ti (0) | M n and thus, rescaling 

proves that items 4, 5 and 6 hold. 

Recall that a smooth domain in M 3 is mean convex if the mean curvature vector 
of the boundary of the domain points into the domain. 

Definition 2.8. Xm is the closure of the component of B(e) — M such that OXm 
is mean convex. 

The next lemma will be applied several times when Case B holds and it gives 
some information on the topology and geometry of Xm FI C(uir, tt(N + l)r). 

Lemma 2.9. The set Xm FI C{u\r, ir(N + l)r) has one connected component if 
Case A holds, or it has two connected components if Case B holds. 
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Proof. If Case A holds, then M n C((jJir,ir(N + l)r) consists of a single disk 
and as C(u\r, tt(N + l)r) is simply-connected, the lemma follows by elementary 
separation properties. 

If Case B holds, then M n C(u\r, 7 t(N + l)r) consists of two disjoint disks, 
meaning that E n n C(uji,it(N + 1)) consists of two disjoint disks, say D\ and 
D' 2 , for n large. Thus [C(ui,n(N + 1)) — E n ] n C(u>i,n(N + 1)) consists of 
three connected components. Let ft be the component of \C(lo\ , tt(N + 1)) — 
E n ] n C(cji, ir(N + 1)) such that dft = D\ U D-2 U A where A is the annulus in 
dC(uir, n(N + l)r) with boundary <)I)\ U <)1)>. In order to prove the lemma, it 
suffices to show that the normal vectors to D\ and D -2 point towards the exterior 
of Q. This property follows from the earlier description that when the surfaces E n 
converge with multiplicity two to the helicoid E^, then the region between them 
collapses and the mean curvature vectors of the boundary surfaces of this region 
point away from it; here the region ft corresponds to a paid of this collapsing region. 
This finishes the proof of the lemma. □ 

Remark 2.10. Suppose Case B holds and let X' M be one of the two connected 
components of Xm C C(uj\t, tt(N + l)r). For later reference, we note that by 
elementary separation properties, if 7 is an open arc in C(LO\r, n(N + 1)?’) with 
endpoints d'y € dX' M and 7 n 8Xm = 0, then either 7 C X' M or 7 C (B(e) — 

X M }. 


2.2 Finding a minimal multi-valued graph on a fixed scale 


In what follows we wish to use the highly sheeted multi-valued graph forming on 
M near the origin to construct a minimal 10-valued graph forming near the origin 
that extends horizontally on a scale proportional to e, and that lies on the mean 
convex side of M. Recall that e < 2- The planar domain M satisfies Descrip¬ 
tion 2.7 for certain constants £2 € (0, |), > L 02 > cc > 0, r > 0 and N G N 

(for n sufficiently large). These constants will be finally fixed toward the end of 
this section. Nonetheless, in order for some of the statements to be meaningful, 
we will always assume N to be greater than m + 4 where m is the number of 
boundary components of M. Recall that M{ui\r) and M(uj2r) arc disks in M and 
that each disk resembles a piece of a scaled helicoid and contains the origin, c.f.. 
Description 2.7. 

Consider the intersection of 


[graph(ui) U graph^)] Cl C 


1 1 

2’ 1 '2 + “ 2r 


recall that C(^, 1, \ + tC 2 ?’) is the truncated solid vertical cylinder of radius 
centered at (^ + U 2 r, 0, 0) with |rc 3 1 < 1. This intersection consists of a collection 
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of disk components 


A = {Ai,..., A 2 at} 


and each A* is a graph over 


{x3 = 0} n c(uir, i) n c 



+ w 2 r 


Because M is embedded, the components of A can be assumed to be or¬ 
dered by their relative vertical heights and then, by construction, the mean cur¬ 
vature vectors of consecutive components A,; and Aj+i have oppositely signed 
.x'.j-cooi'dinates. Without loss of generality, we will henceforth assume that the 
surface dC (^, 1, \ + u ; 2 r) is in general position with respect to M. 

Let F = { F{\), F(2), ..., F(2N )} be the ordered listing of the components 
of M n C(\, 1, j + l u 2 r) that intersect the union of the disks in A, and that arc 
indexed so that A* C F(i) for each i G {1,2,..., 2A}. Note that A* and A i + j, 
for some j G N, may be contained in the same component of MC\C(\, 1, ^ +u; 2 r) 
and so, F(i) and F(i + j) may represent the same set. 

Property 2.11. 1. Suppose i G {1,2,..., 2 N — 1}. If F(i) n dM = 0 and the 
mean curvature vector of A,; C F(i) is upward pointing, then F(i + 1 )C\dM / 
0 or F(i) = F(i + 1). 


2. Suppose i G {2, 3,..., 2N}. If F(i) fl dM = 0 and the mean curvature 
vector of Ai C F(i) is downward pointing, then F(i — 1) n dM / 0 or 
F(i) = F(i - 1). 


Proof. We will prove the first property; the proof of the second property is similar. 

Suppose that i G {1,..., 2 N — 1} and the mean curvature vector of A % C F(i) 
is upward pointing. Assume that F(i + 1) n dM = 0 = F(i) n dM, and we will 
prove that F(i) = F(i + 1). Since F(i) n dM = 0, then dF(i) C dC{\, 1, \ + 
u; 2 r) and so F(i) separates the simply-connected domain C(^, 1 , 2 + cu 2 r) into 
two connected domains. Since the top and bottom disks in dC (^, 1, { + tu 2 r) arc 
disjoint from B(e) and lie in the same component of C(^, 1, \ + w 2 r) — F(i), then 
the closure of one of these two connected domains, which we denote by X ( F(i )) C 
C7(|,l,| + cc 2 r), is disjoint from the top and bottom disks of the solid cylinder 
and it follows that X(F(i)) C B(e) n C{\, 1, \ + w 2 r). 

For t > 0 , consider the family of surfaces 


Fit 


( -, 1 , t + - + cu 2 r 


The maximum principle for H = 1 surfaces applied to the family f l t shows that 
the last surface which intersects X(F(i)), intersects Fit) c dX(F(i)) at a 
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point where the mean curvature vector of F(i) points into X(F(i)). Hence, F(i) 
is mean convex when considered to be in the boundary of X ( F(i )). 

Consider now a vertical line segment a joining a point of the graph A* C F(i) 
to a point of the graph Aj+i C F(i + 1); note that by Lemma 2.9 and since the 
mean curvature vector of A* is upward pointing, the interior of a is disjoint from 
M, independently of whether Case A or Case B holds. Since X(F(i)) is mean 
convex and the mean curvature vector of A* is upward pointing, cr is contained in 
X(F(i)). Since F(i + 1) Cl dM = 0, then the similarly defined compact domain 
X(F(i + 1)) C 1, \ + u 2 r) intersects X(F(i)) at the point [cr n Aj+i] C 
X{F(i + 1)) and so, since F(i + 1) is either equal to or disjoint from F(i), then 
X(F(i + l))cX(F(i)). 

Since X(Fi) intersects X(F(i + 1)) at the point [a Cl Aj] C X(F(i)), the 
previous arguments imply X(F(i)) C X(F(i + 1)). Because we have already 
shown X(F(i + 1)) C X{F{i)), then X(F(i)) = X(F(i + 1)), which implies 
F(i) = F{i + 1). This completes the proof. □ 

Property 2.12. There are at most m— 1 indices i, such that F(i) = F(i + 1) and 
F(i) n dM = 0. 

Proof. Arguing by contradiction, suppose that there exist m increasing indices 
{*(1), *(2 ),... , i(m)} such that for j G {1,2 ,..., in}, 

F(i(j)) n dM = 0 and F(i(j)) = F(i(j) + 1). 

Note that for each j £ {1,2,..., m}, F(i(j)) n M{uj\r) contains the disks A uj\, 
Aj(j) +1 . Also note that since F(i(j )) Cl dM = 0 for j £ {1, 2,... ,m}, then 
Uf =1 dF(i(j))cdC{ll,l+ut 2 r) 

Let F = {F(i(l)), F(i{2)),... ,F(i(m ))} and let F\,... ,F m t be a listing 
of the distinct components in T. For each i = 1,..., m', let n, > 2 denote the 
number of components of F t n M(uj\r) and let di denote the number of times 
that F t appeal's in the list T. Note that n, > d, — 1. Recall that by item 3 of 
Description 2.7, each component of M(u\r) n 1, ^ + u 2 r) is a disk which 
intersects dM(uj\r) in a connected arc. 

We next estimate the Euler characteristic of M (cuir)U|J”! =1 F(i(j )) as follows. 
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Using that x(Fi) < 1 for cat 'h i and YhL i di = m gives 

( rri \ / m' \ / m' 

M(uj\r) U U F ^)) \ = x(M{u ir)) + X - X ^M(wir) D J Tj 

m ; m' 

= i +J2 x ^ ~^2 ni 

i=i i=i 

m! 

<1 + m! — e <*+ 1 ) = 1 — m. 

i =1 

Since the Euler characteristic of a connected, compact orientable surface is 
2 — 2 g — k where g is the genus and k is the number of boundary components, 
and since M(u±r) U UyLi F( *(j)) is a connected planar domain, which means 
() = 0, then the previous inequality implies that the number of boundary com¬ 
ponents of U Uy=i F(i(j)) * s at l east m + 1- The hypothesis that for 

j 6 {1,2,..., m}, F(i(j )) n dM = 0, implies that each boundary component 
of M(uj\r ) U U;=i is disjoint from the boundary of M. Since M is a 

planar domain, each of these boundary components separates M, which implies 
that M — [M(cuir) U U}=i T"(*(j))] contains at least m + 1 components. Since 
M only has m boundary components, one of the components of M — [M(uq r) U 
U}=i F(i(j))], say T, is disjoint from dM. Note that dT C C(^, 1, \ — u\r) 
since dT C [dM{oj\r) U U}=i dF(i(j))\ C [B(e) n C{\, 1, \ - u^r)]. 

Suppose for the moment that dT n dM (uqr) / 0, and we will arrive at 
a contradiction. In this case, dT contains at least one point p in dM(oj\r) fl 
dC{\, 1, | — oj\r) and since T is disjoint from M{u\r), T contains points out¬ 
side C(^, 1, g — uqr) near p. For t > 0, consider the family of translated surfaces 

=dc Q ’ i; \ - wir )+°> °)- 

Since the last such translated surface Tl to which intersects T, does so at a point 
in the interior of T and T is contained on the mean convex side of U/ n near this 
point, a standard application of the maximum principle for H = 1 surfaces gives a 
contradiction. This contradiction proves that dT n dM (uqr) = 0. 

Since we may now assume that dT n dM(uj\r) = 0, then 

m m 

dT C |J 8 F(i(j)) = |J dF(i(j))n 1(e) C C 

3 =1 1=1 


1 1 

F’2 +U2r 
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Let p £ dT. Since for some j, p £ dF(i(j)) C dC(\, 1, \ + cu 2 r) and 
also since T is disjoint from F(i(j )) C C(|, 1, | + w 2 r), then T contains points 
outside of C( |, 1, ^ +u; 2 r) . A straightforward modification of the arguments in the 
previous paragraph using the maximum principle applied to the family of translated 
surfaces 


fit 


dC 



1 

2 


+ w 2 r 


+ (~ t, 0 , 0 ) 


gives a contradiction. This contradiction completes the proof that Property 2.12 
holds. □ 


The next two propositions imply that if the A"-valued graphs in M forming 
nearby the origin contains a sufficiently large number of sheets, then it is possible 
to find a disk in M whose boundary satisfies certain geometric properties. 

Property 2.13. Suppose that there exist m + 1 indexed domains 

not necessarily distinct as sets, with increasing indices and each of which intersects 
a fixed boundary component v of dM and such that the mean curvature vectors of 
the subdomains A(i(l)), A(z( 2 )), ..., A(i(m + 1 )) are all upward pointing or all 
downward pointing. Then there exists a collection T = { 7 ( 1 ), 7 ( 2 ),..., 7 ( 771 + 1 )} 
of m + 1 pairwise disjoint, embedded arcs 7 (j) C F(i(j)) with end points in 
dF(i(j )) such that: 

1. For each j, 7 (j) n M(uj\r) = 7 (j) n C(utir, ir(N + l)r) is the arc A (i(j)) n 
{X 2 = 0 } and 7 (J) has the point pj in A (i(j)) n cX7(u; 2 r, 1 ) as one of its end 
points. The boundary ofy(j) consists of pj and a point in u. 

2. M — (M(w 2 r) U contains a component whose closure is a disk 

D with dD consisting of an arc a C v, two arcs in T and an arc (3 on the 
component r o/9M(w 2 r) H 9C'(w 2 r, 1) that intersects A(*(l)). 

3. Furthermore, if for each j £ {1,2,..., m}, i(j + 1) — i(j) > 2 N + 2 for some 
N £ N, then D n (. M(uj\r ) — Int(M(w 2 r))) contains an N-valued graph over 
the annulus A(ui\r , w 2 r). 

Proof. For each j £ {1,2,..., m + 1}, consider an embedded arc 7 (j) in F(i(j)) 
joining the point pj £ A(i(j))n9C'(o; 2 r, n(N+l)r) to apoint in v, this is possible 
since F(i(j )) intersects v. Since F(i(j)) — M{u\r) is path connected, then one 
can choose 7 (j) to intersect C(uir, 1 t(N + 1)?’) in the ai - c A (i(j)) H {.x 2 = 0}. As 
the arcs in T = { 7 ( 1 ), 7 ( 2 ),..., 7 (m + 1 )} can also be constructed to be pairwise 
disjoint, it is straightforward to check that item 1 holds for the collection T. 
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Since the mean curvature vectors of the domains A(i(l)), ..., A (i(m + 1)) 
arc all upward or all downward pointing, without loss of generality we can assume 
that all of the points pj lie on 

t : = <9graph('«i) n dC W2r , 

that is the inner boundary of graph(ui). 

Since M is a planar domain, M — (M(oj 2 r) U F) contains m + 1 components. 
Because M has m boundary components, it follows that at least two of these m +1 
components arc disjoint from dM — u and the closure of one of these components, 
say D, intersects r in a subarc j3 and it does not intersect dM (opr) — (3. It follows 
that D is a disk with boundary as described in item 2 of Property 2.13. 

Item 3 follows immediately from the construction of D. □ 

Proposition 2.14. Suppose that 2 N > m(2m + 2)(m + 2 N + 2). Then there 
exists a compact disk D C M such that D n (. M(uj\r ) — Int(M(tC 2 r))) contains 
an N-valued graph u + over the annulus A(uJir,U 2 r). Moreover, there exist two 
indices i and j, withi — j > 2N + 2, such that d I) consists of four arcs a , cr i, 02 , (3 
satisfying: 

1 . a = dD fl dM C 9B(e); 

2. (j 1 = y{i) is an arc in F(i ) with end points in dF(i), and such that 
7 (i) n M (cci r) = 7 (i) n C{u\r, n(N + l)r) = A (i) n {X 2 = 0}; 

3. a 2 = 7 (j) is an arc in F(j) with end points in dF(j), and such that 
7 (j) Fl M(uir) = 7 (j) n C(u!ir, n(N + 1 )r) = A (j) n {x 2 = 0}; 

4. (3 is an arc in dM(co 2 r) n dC(uj 2 'r\ 1). 

Proof Since T = {F(l),..., F(m{2m + 2)(m + 2 N + 2)),..., F(2N)}, then 
for l G { 1 , 2 ,..., m(2m + 2 )}, the family of domains 

Ti = {F(i) | i G {(/ — l)(m + 2 N + 2) + 1,..., (/ — l)(m + 2 N + 2) + m }} 

is a well-defined subset of F, each Tj consists of m, not necessai'ily distinct, in¬ 
dexed elements, and if F(i) G Ti + 1 and F(j ) G T;, then i — j > 2N + 2. 
Properties 2.11 and 2.12 imply that there exists an element F(f(l)) G 7) such that 
F(f( 0) F dM f 0. Thus, the collection 

|F(/(1)), F(/(2)),..., F(f(m(2m + 2)))} 

has m(2m + 2) indexed elements and for each l G {1, 2,..., m(2m + 2) — 1}, 
f(l + 1) - f{l) >2N + 2. 
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Since M has m boundary components, then there exists an ordered subcollec¬ 


tion 

with each element in this ordered subcollection intersecting some particular com¬ 
ponent v of DM. Therefore, there exists a further ordered subcollection 

{F(k(l)),F(k(2)),...,F(k(m + l))} 

for which the mean curvature vectors of the disks A(/;:( l)), A(fc(2)), ..., A {k(m+ 
1)) are all upward pointing or all downward pointing. By construction, for each 
j € {1, 2, ... ,m + 1}, k(j + 1) - k(j) > 2N + 2. 

Proposition 2.14 now follows from Property 2.13 applied to the collection 

{F(k(l)),F(k(2)),...,F(k(m + 1))}. 

□ 


Recall that Xm is the closure of the connected mean convex region of B(e) — 
M. The next lemma is an immediate consequence of the main theorem in [25]. It 
says that because the domain Xm is mean convex, it is possible to find a stable 
embedded minimal disk in Xm with the same boundary as D, where I) denotes 
the disk given in Proposition 2.14. 

Lemma 2.15. Let D denote the disk given in Proposition 2.14. Then there is a 
stable minimal disk E embedded in Xm with <)E = ill). 

In what follows we show that E contains a highly-sheeted multi-valued graph 
on a small scale near the origin and that some of the sheets of this multi-valued 
graph extend horizontally on a scale proportional to e when N is sufficiently large, 
where N is described in Proposition 2.14. To do this we need to apply two results 
of Colding and Minicozzi. The first result is a gradient estimate for certain stable 
minimal surfaces in thin slabs, which follows from an application of the curvature 
estimates by Schoen [28] for stable orientable minimal surfaces. 

Lemma 2.16 (Lemma 1.0.9. in [ 6 ]). Let T C {|x 3 | < /3h} be a compact sta¬ 
ble embedded minimal surface and let Ti, ( II {(IT)) C R 2 denote the regular h- 
neighborhood of the projection 11(64' ) ofdT to R 2 , where II: T —> R 2 is orthogo¬ 
nal projection to the (x\, xf)-plane. There exist C g , (5 S > 0 so that if f5 < /3 S and 
F is a component of 

R 2 - T h (U(dT)), 

then each component of II -1 (T 1 ) flT is a graph over F of a function u with 

|V R 2U| < CgP- 
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The second result needed is a scaled version of Theorem II.0.21 in [ 6 ] that 
gives conditions under which an embedded stable minimal disk contains a large 
multi-valued graph. 

Theorem 2.17 (Theorem II.O .21 in [ 6 ]). Given t > 0, there exist N\, (l \ > 1 and 
£\ > 0 such that the following holds. 

Given 5 G (0,1), let X C M(Rq) be a stable embedded minimal disk with 
dTi C B(ciro) U 8 E(Rq) U {aq = 0} where <9X — dM(Ro) is connected. Suppose 
the following hold: 

1 . Oiro < 1 < 

2 . X contains an N\ -valued graph T, g over A(8 , Stq ) with norm of the gradient is 
less than or equal to £i. 

3. 0 ) | x\ + x\ < (<5r 0 ) 2 }) n X^ C {|x 3 | < here X^ 

denotes the middle sheet of X, r 

4. An arc rjconnects X 9 to dT,\dM(Ro), where rj C II“ 1 (i 2 < 5 ro ) n [X — 9B(i?o)]- 

Then X contains a 10-valued graph X^ over A(Ro/Qi, 8 ro ) with norm of the gra¬ 
dient less than or equal to r. 

Remark 2.18. This version of Theorem II.0.21 in [ 6 ] is obtained by scaling X 9 by 
the factor 5. While in the statement of Theorem II.0.21 in [ 6 ], X 9 is said to contain 
a 2 -valued graph, the result above where X 9 is said to contain a 10 -valued graph 
also holds. 

In reading the next statement, recall that M and r arc elements of a sequence 
that depends on n and that for convenience we have omitted the index n. Among 
other things the next theorem states that the minimal disk E in Lemma 2.15 con¬ 
tains a 10 -valued graph on a fixed horizontal scale (when n is sufficiently large). 

Theorem 2.19. Given r £ (0, there exists an Q] = Q i (r) > 1, u ,’9 = ^(r) 
and ui = cui(r) > 10 CJ 2 such that the following is true of M when n is sufficiently 
large. 

1. There exists a minimal subdisk E' C E containing a 10-valued graph E' g over 
A{ 4 tU 2 r) with norm of the gradient less than r. 

2. The intersection C Uir H M n W[E' g ] consists of exactly two or four 9-valued 
graphs with norms of the gradients less than 5- (See Definition 2.6 for the 
definition ofW[E' g \.) 
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3. There exist constants (3i, 02 € (0,1] such that if r < then for any p = 

(x\,X 2 , 0) such that x\ + x\ = ( ioq^t) ) 2 the following holds. The intersection 
set 

Cp ia {p) n Af n W[E' g ] 

with a = is non-empty and it consists of at least eight disconnected 

components. 

Proof. Before beginning the actual proof of Theorem 2.19, we summarize some 
of the results that we have obtained so fair For simplicity, we suppose that Case A 
holds. 

Recall that in this case M n separates 15(e) into two components and Xm„ de¬ 
notes the closure of the component with mean convex boundary. Given £2 € (0, 4) 
and JVeN, there exist N G N, u > 0 such that for u\ > 5u>2 > cJ there exist an 
no £ N and positive numbers r n , with r n = —> 0 as n — > 00 , such that 

for any n > uq the following statements hold; see Description 2.7 for more details. 
Again, for clarity of exposition we abuse the notations and we let M = M n and 
r = r n . 

1. MFC (car, ir(N+l)r) consists of the disk component M (cji r) passing through 
the origin. 

2. Mfoir) Cl C(uj 2 r, n(N + l)r) is also a disk. 

3. M(uir) Cl [C(uir,Tr(N + 1)?’) — Int((7(a;2r, ir(N + l)r))], that is 

M(pj\r ) — Int(Af(cu 2 r)), 

contains two oppositely oriented A r -valued graphs u 1 and 11.2 over A{uj\r, u> 2 r) 
and 

[FF[«i] U FF[rt 2 ]] Cl M = graph(iti) U graph^). 

4. The separation between the sheets of the A-valued graphs u \ and U 2 is bounded, 
c.f., for pi, p 2 € fopr, 0 J\r], \6\ — d 2 \ < 47 r and i = 1, 2 , 

\Ui(pi, 0]) - Ui(p 2 , 0 2 )\ < 67T7\ 

5. |Vnj| <£ 2 ,% = 1, 2. 

Moreover, by Proposition 2.14 and Lemma 2.15, the A-valued graph u\ con¬ 
tains an A- valued subgraph graph (u + ) and there exists an embedded stable mini¬ 
mal disk E disjoint from M whose boundary U f U a\ U a 2 satisfies the following 
properties; see Figure 2: 
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Cl c {xi > U 2 r} 



Figure 2: 


• £ 0 C dM C 9B(e), the “outer” boundary; 

• £i C dM(uj2r)C\dC U2r , the “inner” boundary, is an arc in the inner boundary 
of graph(u + ), see Definition 2.4; 

• (Ti U (72 C {x\ > u 2 r}, the “side” boundaries; 

• M(u\r) n ai = {xi > 0, x 2 = 0} n u + [A^] and M{uj\r) n 02 = {%i > 
0, x 2 = 0} n tt + [l]- 

Recall that u + [/;:] denotes the k -th sheet of the N -valued graph u + ; see Defini¬ 
tion 2.5. Recall also that N can be taken to be m(m + l)(m + 2N + 2), where m is 
the number of boundary components of M; see Proposition 2.14. Without loss of 
generality, we may assume that N is odd and the normal vector to u + is downward 
pointing and that u 2 contains an N -valued subgraph u satisfying the following 
properties: 

1. [VF[ii + ] U VFf'U - ]] n M = graph(u + ) U graph(?x - ). 


Furthermore after a small vertical translation of M by (27r r)y, for some y 6 
[— 2(N + 2),... 2(N + 2)], we will assume tt+ id intersects {X 3 = 0}. 

We now begin the actual proof. Let N\ = Ni(t), E\ = £\ (r) and Di = fli(r) 
be as given by Theorem 2.17. The idea of the proof is to find N,ui,U 2 ,£ 2 ,i" in 
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Figure 3: 


the previous description such that a subdisk E' C E satisfies the hypotheses of 
Theorem 2.17, and thus extends horizontally on a fixed scale proportional to e. 

For the next discussion, refer to Figure 3. Fix N = N\ + 5 and consider the 
simple closed curve p = p v U p + U p s U p- where 

P± ■ [wr, 3 cJ 2 r] -» graph(rr± id ), 

such that for t E [ui 2 r, 2>u>2r\, 

P±{t) = {(t, 0 ,x 3 ) | x 3 E (-00,00)} Flgraph(u± id ). 

The arc p v is the open vertical line segment connecting p+fSu-or) and p_ {‘Axpr). 
The arc p s is an arc in M(u> 2 r) connecting p + (u> 2 r) and p_(u) 2 r); by item 3 in 
Description 2.7, p s can be chosen to be contained in the slab {x 3 (p-(uj 2 r)) < 
x 3 < x 3 {p + (uj 2 r))} and can be parameterized by its x 3 -coordinate. Note that by 
Description 2.7 and Lemma 2.9, p v C Xm, P+ U p H IJ p~ C OX and p is the 
boundary of a disk in Xm FI C 3u]2r . (This is also true if Case B holds.) Recall that 
C 3u i 2 r is the vertical solid cylinder centered at the origin of radius 3a;2r-; see the 
definition at the beginning of this section. The main result in [25] implies that p is 
the boundary of an embedded least-area disk D{p) in Xm FI C 3uJ2r , which we may 
assume is transverse to the disk E. In particular, since by construction p intersects 
dE transversely in the single point t,; = u + (ui 2 r) E £j, and p + U p s U p- C OXm, 
there exists an arc p C D{p) FI E with one end point tj, the “interior” point, and its 
other end point t e E p v FI E, the “exterior” point. 

Consider the connected component T tf , of C‘> LJ2 r(t f ,) fl E that contains t e ; recall 
that C 2 unr{t e ) is the solid vertical cylinder centered at t e of radius ‘Itxpr. Then, 
r te is contained in a slab of height less then 67rr. Using Lemma 2.16, it follows 
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that E is locally graphical at t e with norm of the gradient less than (take 
(3h = 67 t?’ and h = uprj. After prolongating this graph, following the multi¬ 
valued graph graph(tt + ), we find that E contains an {N\ + 2)-valued graph E g 
over A{ooir — uj 2 r, 3uj2r) satisfying: 


the norm of the gradient of E g is less than 


QltCg 

OJ 2 


The intersection set 


{(0,X2,x 3 ) I X2 > 0 ,X 3 G (-00,00)} n Eg 

consists of (A r ] + 2 ) arcs 7 *, i = 1 ,..., N\ + 2 , where the order of the indexes 
agrees with the relative heights of the arcs. Let 7 + denote 7^+2 and let 7 . denote 
71 . Let j/ ± denote the endpoint of 7 ± in dE g n dC Uir - U2r and let 7 A denote the 
endpoint of 7 ± in dE g n <9C 3w 2r . Without loss of generality, we will assume that 
the plane {x 1 = 0} intersects E transversally. Let T + denote the connected arc 
in [E — Int( 7 +)] n { x] = 0} containing pf and let T_ denote the connected arc 
in [E — Int( 7 _)] n {27 = 0} containing p e _. Since T + U 7 + and T„ U 7 ^ ai - e 
planar curves in the minimal disk E, neither of these curves can be closed in E 
by the maximum principle. This implies that ()Y + = {[/ + . q + ] and q + e dE, 
9T_ = {pf_, g„} and G dE. Since the boundary of E is a subset of 

dC(jj 2r U {x\ > uj 2 r} U 3B(e) 

and T± C {x'l = 0}, it follows that 

q± G dE n [dCu 2r U 3B(e)] = A U A- 

Claim 2.20. The interiors of the arcs T = are disjoint from E g U //. Moreover, 

q± £ A- 

Proof. We will prove that T + — {p + } is disjoint from E g U r/ tJ from which the 
claim follows for T + . The proof of the case for T_ is similar and will be left to the 
reader. 

Arguing by contradiction, suppose T + — {77 } is not disjoint from E g U 77 U 
Assuming that T + is pai amcteri/cd beginning at p e + , let r + G T + n [E g U // U A] 
be the first point along T + in this intersection set and let T' + be the closed arc of 
T + — {r_|_} such that <9r' + = {r + ,pf}. 

First suppose r + G 7 , which is the case described in Figure 4 . Then there 
exists an embedded arc 

v C 7 U [E g PI dC3u 2r ] 
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connecting r + and p\. Recall that E g n <)C:> >UJ . ir is the inner boundary of the multi¬ 
valued graph Eg. Therefore, 

r = r' + u v u 7+ 

is a simple closed curve that bounds a disk D + in E. By the convex hull property, 
D + is contained in the convex hull of its boundary. In particular, D + is contained 
in the vertical slab {|.xi | < 3 cj2 r}. Note however that T + separates the (N\ + 2)-th 
sheet of E g , that is the set n + [iV + 2], into two components that are not contained 
in the slab {|xi| < 3 cj 2^} because uj\r > Auj 2 r. By elementary separation prop¬ 
erties, one of these components must be in D + C {|®i| < 3tU2r}, which gives a 
contradiction. 

An argument similar to that presented in the previous paragraph shows [T + — 
{pi}] fl E g n ()C:t l . J j 2r = 0 by using a similarly defined embedded arc v C [E g n 
0C:s^ 2r \ connecting r + to p\. 

Next consider the case that r + G EgHdC^r-^r- In this case, r + G <9Ci,r-w 2 r 
is the end point of some component arc 7 of {37 = 0 } C\ E g with the other end 
point of 7 being p 7 G ()E g n 0C: iuJ2r . Letting v C dE g n dC^ 2r be the arc with 
end points p 7 and p\, we find that 

r = r' + u u v u 7+ 

is a simple closed curve that bounds a disk D + in E. Similar arguments as in the 


23 










previous two paragraphs then provide the desired contradiction that the minimal 
disk D + cannot be contained in the convex hull of its boundary. 

Finally, suppose that r + e In this case, we find the desired simple closed 
curve 

r = r , + ui'U7+, 

where 


v C & U rj U [E g n dCg^r] 

is an embedded arc that connects the points r+ with p\, see Figure 5. Arguing as 



previously, we obtain a contradiction and the claim is proved. □ 

Denote by v the arc in dE g n 0C:> iU!2r connecting p l + and p'_ and let a be the 
arc in £ 0 connecting q + to q . The simple closed curve 

r+ U 7 + U ^ U 7 - U r_ U a 

bounds a subdisk E' in E which contains the N\ -valued graph E' g = u+ c 

Eg over ,4(a.’i r — ujpr. 3u.’2r); see Figure 6. The norm of the gradient of this A r i - 
valued graph E' g is also less than ^''. Note that if 0 J 2 > C 02 > 4ir(N + 2), where 
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Figure 6: 


u >2 is chosen sufficiently large, then 

dE' C B(4w2^) U {xi = 0} U cffi(e). 


The disk E' is the stable minimal disk to which we will apply Theorem 2 . 17 . 

By construction E' contains the N \-valued subgraph E' g of E' g over the annulus 
A(oj\r — oj-rr. 4a>2r) with norm of the gradient less than f ’^■' . Thus, if 0 J 2 > 

E' satisfies item 2 of Theorem 2.17 with 

5 = (tui — uo)r, 5ro = 4tU2r and ro =--—. 

UJl - U>2 


Clearly, as described in Figure 6, there exists a curve rj C II _1 ({(xi, X 2 , 0) | 
x\ + x\ < (4w2r) 2 }) connecting to dE' — cffi(e) and thus E' also satisfies 
item 4 of Theorem 2.17. 

Recall that r depends on n and it goes to zero as n -y oc. After choosing 
sufficiently large, and then choosing n much larger, we obtain the inequalities 

4^9 „ e 

--—fti < 1 and —-- > 1, 

wi - U2 r(u i - cj 2 ) 


25 


















that together imply that the minimal disk E' satisfies item 1 of Theorem 2.17. 

Finally, let u m \<\ denote the middle sheet of E' g . Using the bound for the 
norm of the gradient gives that 

n“ 1 ({(.xi,x 2 ,0) I x\ + xl < (4u; 2 r) 2 }) n n mid C j|x 3 | < 207rw 2 r • | 

and if w 2 > 30 ^ C -' then 207ra; 2 r • < £i4u; 2 ?’; in other words, E’ satisfies 

item 3 of Theorem 2.17. 

Recall that M and r depend on n and that u; > 47r(j¥+2) is chosen sufficiently 
large so that 

dE l C B(4w 2 r) U {xi = 0} U cffi(£). 

We now summarize what we have shown so far. If n is sufficiently large, then the 
quantities discussed at the beginning of the proof can be assumed to satisfy the 
following conditions: 


N = N\ + 5, w 2 > max 
tui > 4 u; 2 Ui + 10u; 2 and r < ---, 

Ul - L0 2 

and then the stable minimal disk E' satisfies the hypotheses of Theorem 2.17 and 
thus it contains a 10-valued graph E g over ,4(V/Q]. 4u.’ 2 r) with norm of the gradi¬ 
ent less than r. This completes the proof of item 1 in the theorem. 

The proof that the intersection C uir n M n W[E g ] consists of exactly two or 
four 9-valued graphs follows from the construction of W[E' g ] and Description 2.7; 
note that because of embeddedness and by construction, the multi-valued graphs 
on M near the origin and in C Uir spiral together with the minimal multivalued 
graph E g . Whether there are two or four 9-valued graphs depends on whether the 
convergence to the helicoid detailed in Description 2.7 is with multiplicity one or 
two. The norms of the gradients of such graphs is bounded by 5 as long as e 2 is. 
This completes the proof of item 2 in the theorem. 

The proof of item 3 will use the existence of the minimal 10-valued graph E g 
and a standard dragging argument. First note that because of the gradient esti¬ 
mates for the minimal 10-valued graphs, a simple calculation shows that W[E' g ] is 
contained in the open cone 

C = |(xi,x 2 ,x 3 ) | |x 3 | < 80+ x\ 



307T ~C n 


U2, 


£l 
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We begin the proof of item 3 by proving the existence of certain embedded 
domains of vertical nodoids, where nodoids arc the nonembedded surfaces of rev¬ 
olution of nonzero constant mean curvature defined by Delaunay [11] and where 
vertical means that the xy-axis is its axis of revolution . 

Lemma 2.21. There exists constants f3i, @2 £ (0,1] such that the following holds. 
For s £ (0,1] consider the circles C\ = {(xi,x 2 ,X 3 ) \ x 2 + x\ = f3js 2 , x% = 
—/? 2 s} and C 2 = {(xi,X 2 ,xs) | x\ + x\ = fifs 2 , X 3 = f3 2 s}. Then there exists a 
subdomain A f s of a vertical nodoid with constant mean curvature y such that A f s 
is embedded with boundary C\ U C 2 , and A f s is contained in the convex hull of its 
boundary. 

Proof of Lemma 2.21. The lemma follows by rescaling, after finding the correct 
numbers if, 02 for s = 1 and a compact embedded portion Af\ of a vertical nodoid 
with constant mean curvature one and such that Af\ is contained in the boundary of 
its convex hull. □ 


Note that A f s separates Cp lS into a bounded and an unbounded component 
and its mean curvature vector points into the bounded component. Given pgl 3 
we let A f s (p) be Af s translated by p. Suppose now that p = (xi, X 2 , 0) such that 
x\+xl = ( 10 n l(r) ) 2 - Note that if r < then A f a (p) with a = n ^p 2 satisfies 

dAf a (p)nC = 0 

and its mean curvature, y. is greater than one. 

Consider the point p = (TosTTr) > 0)- Let 


r = { (xi,x 2 ,o) 


X2 

X\ 


< 2, xi > 0, (4w 2 r)‘ 


< x\ + x\ 


< 


Di(r) 


Note that E' g separates TxM into nine bounded components and that 

A f a (p) C r x M. 


Let A C C be one of these bounded components. 

In order to prove item 3 of the theorem, we will first show that 

A n m n c Pia (p) + 0. 

Since M a {p) C Cp ia {p), it suffices to show that A n M n A f a {p) f 0. Consider 
the family of rescaled nodoids = Jft a (fp) for t G (0,1]. Since OAf 1 fl A = 0 
and the mean curvature of Af is greater than one, by using a so-called drag¬ 
ging argument, it suffices to show that there exists some t small so that A n 
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M n A ft contains an interior point of M n A and Af 1 C T x M. This is be¬ 
cause by an application of the mean curvature comparison principle, the fam¬ 
ily of nodoids Af t , t G [f. 1], cannot have a last point of interior contact with 
M n A. Recall that C Wir n An M contains at least one component which is 


a graph over j(xi,x 2 ,0) | ^ < 2, x\ > 0, (4cc 2 r) 2 < x\ + x 2 < (Air) 2 j 

therefore a simple calculation shows that by taking t = lf)jj| - Ti co ! i r, then 


and 


A n M n AT t 


contains an interior point of M n A. Furthermore, by our earlier choice of uj\ > 
4w 2 F!i + 10w 2 , we conclude that A ft C T x M. 

Using the fact that An M nA f a (p) f 0, a straightforward further prolongation 
argument, by moving the center p of Af a (p) along the circle centered at the origin of 
radius \p\, finishes the proof of item 3, which completes the proof of Theorem 2.19. 

□ 


2.3 Extending the constant mean curvature multi-valued graph to a 
scale proportional to £ 

In this section we reintroduce the subscripted indexes for the sequence of surfaces 
M n . We show that for n sufficiently large, M n contains two, oppositely oriented 3- 
valued graphs on a fixed horizontal scale and with the norm of the gradient small. 
This is an improvement to the description in Section 2.1 where the multi-valued 
graphs formed on the scale of the norm of the second fundamental form; the next 
theorem was inspired by and generalizes Theorem II.0.21 in [6] to the nonzero 
constant mean curvature setting. 

Theorem 2.22. Given r 2 > 0, there exists Q 2 = U 2 (r 2 ) and cc 2 = w 2 (r 2 ) such 
that for n sufficiently large, the surface M n contains two oriented 3-valued graphs 
over y4(e/U 2 ,4a; 2 wnorm of the gradient less than r 2 , 

where Gff is oriented by an upward pointing normal and G^ ow " is oriented by a 
downward pointing normal. Furthermore, these 3-valued graphs can be chosen to 
lie between the sheets of the 10-valued minimal graph E' {n ) given in Theorem 2.19 
and so that Gff H W[G^ own ] is a 2-valued graph. 

Proof. Recall that after normalizing the surfaces M n by rigid motions that arc 
expressed as translations by vectors of length at most e for any particular small 
choice s G (0, e/4), composed with rotations fixing the origin, we assume that the 
surfaces M n satisfy ,4 ^r n (0) > n and that the origin is a point of almost-maximal 
curvature on M n around which one or two vertical helicoids are forming in M n on 
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the scale of |AmJ( 0). It is in this situation that we apply Theorem 2.19 to obtain 
the 10-valued minimal graph E' g {n) described in the statement of Theorem 2.22. 
By Theorem 2.19, for each l e N, there exist 


n(l) > 2, Qi(l) > 1, u 2 (l) > 0, > \0 uj 2 [1) 


such that for n > n(l), M n contains a minimal 10-valued graph E' g (n, l ) over 




£ 


4 u 2 (l) 






with the norms of the gradients bounded by j; we will also assume for all I <G N 
that n(l +1) > nil) 6 N and that, after replacing by a subsequence and reindexing, 
the inequality 

4 u 2 (l) — - < 

VmJ(O) nfit(0 

also holds when n > n(l); in particular, under this assumption the ratios of the 
outer radius to the inner radius of the annulus over which the 10-valued minimal 
multigraph E'Jn, l ) is defined go to infinity as n — > oo, and linx^oo 4uj 2 (1) ^ ^ 

0. Furthermore, by item 2 of Theorem 2.19, for n > n(l ), the intersection 


C nM n nW[E' (n,l)\ 

consists of exactly two or four 9-valued graphs with the norms of the gradients 
bounded by ^. 

Let r > 0 be given and let 


W U)l := {p € W[E g (n, l)\ \ -3vr < 6 < 3vr}. 

Then, for n > n(l), C m y 2 n M n n W n j consists of a collection C U) i of 

1 l A M n l(°) 

either two or four 3-valued graphs with the norms of the gradients bounded from 
above by k. 

We claim that for some l T G N sufficiently large, and given n > n(l T ), then 
the 3-valued graphs in C n i T extend horizontally to 3-valued graphs over 

e \/2 

' 4( n(; r )fi,(; r )' 4 “ 2( ' r) |X„j(0) ) 

with the norms of the gradients less than r. This being the case, define Gn P , G'j' yu ' n 
to be the two related extended graphs that intersect M n {u\) and which have their 
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normal vectors pointing up or down, respectively. Then, with respect these choices, 
the remaining statements of the theorem can be easily verified to hold. 

Hence, arguing by contradiction suppose that the claim fails for some r > 0. 
Then for every l G N sufficiently large, there exists a surface M n m with n(l) > 
n(l ) such that the following statement holds: For 

r " m Mm„J(0)’ 

the 3-valued graphs in do not extend horizontally as 3-valued graphs over 

the annulus 

A( Mik(n • 4u,Mr ^ ) 

with the norms of the gradients less than r, where by our previous choices, 

4w2( ' )r ”' i » < MtjktT) < 2 stry 

Thus for any fixed l large enough so that M n ^ exists, let 

p{n{l)) G [4a; 2 (/)r n(0 , 

be the supremum of the set of numbers p <G [ 4 u; 2 (Z)r n p), 20770 ] suc 'h that for any 
point p G C p n M n (i) n W n (i)j, the tangent plane to M n (p at p makes an angle less 
than tan _ 1 (r) with the (xi, X 2 )-plane. Note that p(n(l)) > uj\{l)r n m because of 
the aforementioned properties of the surfaces in C n py. 

Let 

n n(l)- [4uj 2 (l)r n{l) ,£/Q,i(l)} x [-37T,37 t] 

denote the natural projection. The map n n p) restricted to Int^C^m)) n M n m n 
W n (i\i is a proper submersion and thus the preimage of a sufficiently small neigh¬ 
borhood of a point 


(p,9) G [4 u 2 {l)r n (i), p{n(l))) x [-37 t,37t] 


consists of exactly two or four graphs. Let p n ^ = ( p(n(l)),9 n m,x 3 ®) G 
M n (u be a point where the tangent plane of M n m makes an angle greater than or 
equal to tan -1 (r) with the {x\ , X 2 )-plane and let T n m be the connected component 
of 
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containing p n (iy Because of the gradient estimates for the 10-valued minimal 
graph Eg(n(l ), l), T n (l) is contained in a horizontal slab of height at most 18 p(n(l))j. 
Furthermore, we remark that dT n m C SB (pk(i), ) and n n p) restricted to 

Int(Cp( n p))) n ^n(i) hi 


is at most four-to-one. 

For each n(l), consider the rescaled sequence T n p) = We claim 

that the number of boundary components of T n yy and thus of T n n\, is bounded 
from above by the number of boundary components of M n p) which is at most 
m. Otherwise, since M n n\ is a planar domain, there exists a component A of 
M n n) — T n n ) that is disjoint from dM n ^ and contains points outside the ball 

B (p n m, ). Since the mean curvature II < 1 and e < an application of the 

mean curvature comparison principle with spheres centered at p n m implies that A 
contains points outside of B(e). However A C M n ^ C B(e) and this contradiction 
proves the claim. 

Note that dT n ^ C dB { p ^(i)) Pn{l)i ^)> and that the constant mean curvatures 

of the surfaces T n y arc going to zero as l —> oo. We next apply some of the 
previous results contained in this paper, e.g. Theorem 2.19, to study the geometry 
of the planar domain T n (p near the point —y—pyy which by our choices lies in 
<)( j. 

The surfaces T n m arc contained in horizontal slabs of height at most y. More¬ 
over, there exist rigid motions TZ n ^ that arc each a translation composed with a 
rotation around the . 2 ' 3 -axis, such that the following hold: 

1- ^n(t) ( p( n (l))Pn(l )) = 0* 

2. ForT = j( 21 , 2 : 2 , 0 ) | xi > 0, x\ + x\ < |, x 2 < j, 

(r x K) n 72 r ,y (T n m) consists of at least two and at most four components, 
each of which is graphical over F. Note that in addition to other properties, F 
and are chosen so that n n( -q \p(n(l))7Z~ p)( r )] C [Cp(n(l)) n { x 3 ~ 0}]. 

Let T n(l) = fc n (i)(T n( i)) and note that dT n(l) C <9B(±). 

Since the height of the slab containing T n p) is going to zero as l —»• oc and 
the tangent plane at 0 makes an angle of at least tan _ 1 (r) with the ( 21 , 22 )-plane, 
it follows that as l goes to infinity, the norm of the second fundamental form of 
T n m is becoming arbitrarily large at certain points in T n m converging to 0. Using 
this property that as l goes to infinity, the norm of the second fundamental form of 
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T n m is becoming arbitrarily large nearby 0, we will prove that T n p) must intersect 
the region F x 1 in more than four components, which will produce the desired 
contradiction. 

After replacing by a subsequence and normalizing the surfaces by translating 
by vectors v n (i), v n ^ 0, Theorem 2.19 implies that there exist a fixed rotation 
72 and constants B \, 02 G (0,1] such that the following holds: Given t\ < 
there exists A n G N, ujy ( t\ ) and G| (t\ ) such that for l > X Tl : 

1. There exists a 10-valued minimal graph E' g {l , iq) over 




1 


-,4w 2 (ri)- 


V 2 


■2n l(n y—\A^j(Sy' 

with norm of the gradient less than T\ (item 1 of Theorem 2.19); 

2. With a = and p = (aq,x 2 ,0) with x\ + x\ = ( 20 ^ (ri) ) 2 - the 

intersection 


Cp ia (p) n 72(T n(/) ) n j(aq,x 2 ,x 3 ) | \x 3 \ < > 

is non-empty and contains at least eight disconnected components (item 3 of 
Theorem 2.19). 


We claim that 1Z is a rotation around the .iq-axis. Arguing by contradiction, 
suppose that this is not the case. Note that for any t\ < -y^y, as l goes to infinity, 
the slab containing lZ(T n ^) converges to a plane V through the origin that is 
not the (aq, x 2 )-plane as the slab was horizontal before applying 72. Therefore 
E' g (l, n) converges to a disk in V. Let 9 denote the angle that V makes with the 
(xi, x 2 )-plane and pick 

n = min(tan(<9/2), ^^). 

This choice of t\ leads to a contradiction because E' g ((, T\) cannot converge as a set 
to a disk in V and have norms of the gradients bounded by r\. This contradiction 
proves that the rotation 72 is a rotation around the x 3 -axis. 

Finally, one obtains a contradiction by finding p = (x\. a; 2 , 0) with x\ + = 

( 20 Q^ ri ) ) 2 and taking T\ sufficiently small such that the disk centered at p of radius 
0ia is contained in 72(r). This leads to a contradiction because on the one hand, 
Cfti a(p) n 72( T n y/j ) consists of at least eight components. On the other hand 72(T x 
M)n72(T n m) consists of at most four components, each of which is graphical. This 
last contradiction completes the proof of Theorem 2.22. □ 
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Theorem 2.19, Theorem 2.22 and their proofs not only demonstrate that there 
exists a 3-valued graph in M n that extends on a fixed, horizontal scale when n is 
large and they also give the following, detailed geometric description of a planar 
domain with constant mean curvature, zero flux and large norm of the second fun¬ 
damental form at the origin. In the following theorem, we summarize what we 
have proven so far. The precise meaning of certain statements are made clear from 
the previous results and proofs. 

Theorem 2.23. Given s,t > 0, e £ (0,e/4) and m £ N, there exist constants 
f2 r = fi(r, m), lo t = w(r, in) and G r = G(e,e,T,m) such that if M is a 
connected compact H-planar domain with zero flux, H £ (0,^), M C B(e), 
dM c 9B(e) and consists of at most m components, 0 £ M and |^4m|(0) > 
^ G t , for 7] £ ( 0 ,1], then for any p £ B [rje) that is a maximum of the function 
— | • |), after translating M by —p, the following geometric description 

of M holds. 


• On the scale of the norm of the second fundamental form M looks like one 
or two helicoid nearby the origin and, after a rotation that turns these lie- 
licoids into vertical helicoids, M contains a 3-valued graph u over A(ef 
il T , ^ g ) with norm of the gradient less than r. 

• The intersection W[u ] H [M — graph(n)] contains an oppositely oriented 

2-valued graph u with norm of the gradient less than r and B(10 ^ ) n 

M includes a disk D containing the interior boundaries of graph (v) and 
graph(n). 


• If near the origin M looks like one helicoid, then the previous description is 
accurate, namely W[u] H [M — graph(n)] consists of an oppositely oriented 
2-valued graph u with norm of the gradient less than r and B(10 ^ g^ ) n 

M consists of a disk D containing the interior boundaries o/graph(n) and 
graph (u). 


If near the origin M looks like two helicoids, then W[u] H [M — graph(u) U 
graph(n)] consists of a pair of oppositely oriented 2 -valued graphs u\ and 


u\ with norm of the gradient less than r and B(10t 


-)n[M-D] consists 


I^mKo)' _ 

of a disk containing the inner boundaries o/graph(rri) and graph(ni). 


• Finally, given j £ N if we let the constant G r depend on j as well, then 
M contains j disjoint 3-valued graphs and the description in the previous 
paragraph holds for each of them. 
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2.4 The final step in the proof of the Extrinsic Curvature Estimate for 
Planar Domains. 

Note that Theorem 2.23 is also true for minimal disks, and follows from the exten¬ 
sion results of minimal multi-valued graphs by Colding and Minicozzi [ 6 ], which 
motivated our work. However, the following curvature estimates depend on the 
nonzero value of the constant mean curvature and arc not true for minimal sur¬ 
faces. For the reader’s convenience, we recall the statement of Theorem 2.2. 

Theorem 2.24 (see Theorem 2.2). Given e > 0, m £ N and H £ (0, ^), there 
exists a constant K(m,£, H) such that the following holds. Let M C B(e) be 
a compact, connected H-surface of genus zero with at most m boundary compo¬ 
nents, 0 £ M, dM C c®(e) and M has zero flux. Then: 

\A M \(d)<K{m,e,H). 

Proof. Arguing by contradiction, suppose that the theorem fails. In this case, for 
some £ £ (0. |), there exists a sequence M n of H -surfaces satisfying the hypothe¬ 
ses of the theorem and \Am ti | (0) > n. After replacing M n with a subsequence and 
applying a small translation, that we shall still call M n , Theorems 2.22 and 2.23 
show that after composing by a fixed rotation, given any k £ N, there exists an 
n(k) £ N, such that for n > n(k), there exist 2k pairwise disjoint 3-valued graphs 
G'“ p ,,..., G^ r f n , G u ^ k in M n on a fixed horizontal scale, i.e., they are all 3- 
valued graphs over a fixed annulus A in the (xq, X2)-plane, Gffl'j' 11 n kF[G Y “ r f ] f 0 
for j £ {1 ,..., k}, and the gradients of the graphing functions arc bounded in 
norm by 1 ; here the superscripts “up” and “down” refer to the pointing directions 
of the unit normals to the graphs. 

Thus, as n goes to infinity, at least two of these disjoint 3-valued graphs with 
constant mean curvature H over A that have mean curvatures vectors pointing 
toward each other, are becoming arbitrarily close to each other. This situation vi¬ 
olates the maximum principle. Alternatively to obtain a contradiction, note that 
as the number k of these pairwise disjoint graphs goes to infinity, there exists a 
sequence G d n °J^ } } of associated pairs of oppositely oriented 3-valued 

graphs that collapses smoothly to an annulus of constant mean curvature H that 
is a graph over A and whose nonzero mean curvature vector points upward and 
downward at the same time, which is impossible. This contradiction proves that 
the norm of the second fundamental form of M at the origin must have a uniform 
bound. □ 
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3 The Extrinsic Curvature and Radius Estimates for 77- 
disks. 

In this section we prove extrinsic curvature and radius estimates for H -disks. The 
extrinsic curvature estimate will be a simple consequence of the Extrinsic Curva¬ 
ture Estimate for Planar Domains given in Theorem 2.2, once we prove that an 
H -disk with H < 1 and with boundary contained outside B (R), where R < \, 
cannot intersect B(i?) in a component with an arbitrarily large number of boundary 
components; see the next proposition for the existence of this bound. 

Proposition 3.1. There exists No G N such that for any R < \ and H < 1, 
if M is a compact disk of constant mean curvature H (possibly H = 0) with 
OM C [M 3 — B(i?)] and M is transverse to dM(R), then each component of 
M Cl B (R) has at most No boundary components. 

Furthermore, there exists an R G (0, such that whenever R < R, then each 
component of M Cl B (R) has at most 5 boundary components. 

Proof. Since the surface M is transverse to the sphere 03 (It). there exists a 5 G 
(0, j) such that M intersects the closed 5-neighborhood of <9B (R) in components 
that arc smooth compact annuli, where each such component has one boundary 
curve in <9B (R + 5) and one boundary curve in 03(11 — 5), and such that each of 
the spheres 03(R, + 1) intersects M transversely for t G [—5, 5]. For the remainder 
of this proof we fix this value of 5, which depends on M. 

If M is minimal, then the convex hull property implies Nq can be taken to be 
1. Assume now that M has constant mean curvature //, H G (0,1]. 

Let £ be a component of MDM(R) with boundary curves A = {/3, (3\, fa, ■ ■ ■, /3 n }. 
Here fl denotes the boundary curve of £ which is the boundary of the annular 
component of M — £, or equivalently, (3 is one of the two boundary curves of the 
component of M — £ that has OM in its boundary; see Figure 7. 

Let E be one of the two closed disks in dE(R) with boundary f3. Let Dp be 
the open disk in M with boundary (3 and note that £ C Dp. Next consider the 
piecewise-smooth immersed sphere Dp LJ E in IR 3 and suppose that Dp fl E is a 
collection of k simple closed curves. Then, after applying k surgeries to this sphere 
in the open 5-neighborhood of E, we obtain a collection of (k+1) pairwise disjoint 
piecewise-smooth embedded spheres; for the after surgery picture when k = 1, see 
Figure 8. We can assume that each of these pairwise disjoint piecewise-smooth 
embedded spheres contains a smooth compact connected subdomain in Dp so that 
its complement in the piecewise-smooth sphere consists of a finite number of disks 
contained in spheres of the form 0M(R + t) for t G (—5, 5). 

Let S(E) denote the sphere in this collection which contains E, let f 1(E) be 


35 




Figure 7: A possible picture of M, £ and the disks Dp and E. Here the component 
£ of MnM(R) has 4 boundary components 8, 81 , 82,83 an d Int. (77) n M contains 
the simple closed curve 81 ■ 



S(E) 


Figure 8: The picture of the embedded piecewise-smooth sphere S(E) which is 
the boundary of the piecewise-smooth ball B{E)\ S(E) is a sphere formed by first 
applying repeated surgeries to Dp along the disk E C dB(R ) and then attaching 
E to the remaining disk with boundary 8 - 
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the smooth compact connected subdomain [Dp fl S(E)] — Int(E') and let B(E) 
denote the closed ball in M 3 with boundary S(E); see Figures 7 and 8 . 

Assertion 3.2. Let T be the subcollection of curves in A which are not contained in 
E. The number of elements inT is bounded independently of R < |and H £ (0,1] 
and the choice of the component S. Furthermore, there exists an R > 0 such that 
if R < R, then \ has at most two elements. 

Proof Assume that V f 0 and we shall prove the existence of the desired bounds 
on the number of elements in F. 

The condition T f 0 implies there arc points of f 1(E) of distance greater than 
R + 5 from the origin, and so there is a point p £ 1 1 it (S > (/F) ) that is furthest from 
the origin. Since S(E) — 1 71(E) is contained in B (R + 5), p is also a point of 
B(E) that is furthest from the origin. Since B(E) C B(|p|), the mean curvature 
comparison principle implies that the mean curvature vector of f 1(E) points into 
B(E) at p and that it also points towards the origin. Since IKE) is a connected 
surface of positive mean curvature, it follows that all of the mean curvature vectors 
of 0(E) C 0B(E) point into B(E). 

Each a £ T bounds an open disk D a C Dp which initially enters M 3 — B (R) 
near a and these disks form a pairwise disjoint collection. Each of these disks D a 
intersects the 6 -neighborhood of 03(11) in a subset that contains a component that 
is compact annulus with one boundary curve a and a second boundary component 
7 (a, 5) in <9B (R + 6 ). Since H < 1 and R <b the mean curvature comparison 
principle shows that the component D a of S(E) n [M 3 — 3(11 + 5)] containing 
7 (a, S), must contain a point p a with \p a \ > jj > 1 of maximal distance from the 
origin. Also note that the mean curvature vector of D a points towards the origin 
at p a . Hence, since IKE) is mean convex along 0(E). points in B(E) sufficiently 
close to p a arc contained in B (p a , \p a |). Once and for all, we make for each a £ F, 
a particular choice for p a if there is more than one possible choice. 

Since M 3 — M(R + 6 ) is simply-connected, elementary separation properties 
imply that for each a £ T, M 3 — [D a UB(f? + (5)] contains two components, and 
let B a be the closure of the bounded component; see Figure 9. 

By construction 0B a is an embedded piecewise-smooth compact surface, the 
domain D a C 01 f , is connected and 0B a — D a consists of a finite number of 
precompact domains in dE(R + 5). Since the point p a is a point of B a of maximal 
distance from the origin, the inward pointing normal of 0B a at p Q points tow ard 
the origin. Therefore D a has positive mean curvature as paid of the boundary of 
B a oriented by its inward pointing normal. 

We claim that {H Q } ae p is a collection of indexed compact pairwise disjoint 
domains. To prove this claim it suffices to show that S(E) Hi B a = D a . Clearly, 
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Figure 9: Picture depicting the pairwise disjoint balls B a , a E F, in the case where 
T contains two components a i = P r 2 - = P 3 , when 6 is assumed to be 0. 


since for each a E T, D a C S(E) and D a C dB a , then D a C S(E) fl B a . 
If S(E) fl B a <£_ D a , then there exists a point p E [S(E) — D a \ Fl B a that is 
furthest from the origin. By our earlier small positive choice of 5 > 0, the sphere 
cffi ( R + 5) intersects M transversely and so the point p lies in the interior of B a . 
Let r p be the ray {tp \ t > 1}, let to > 1 be the smallest t > 1 such that t p E D a 
and let 7 be the open segment {tp | 1 < t < fo}- Since p E [S(E) — D a \ n B a 
is a point in this set that is furthest from the origin, the closed segment 7 intersects 
S(E) only at its end points, namely p and top, which means that the segment 7 is 
either in B(E) or it is contained in the complement of B(E). 

On the one hand, since [Dp fl S(E)] C dB{E) has positive mean curvature 
as part of the boundary of B(E) oriented by its inward pointing normal and the 
mean curvature vector of Dp at p points towards the origin, the ray 7 enters the 
complement of B(E) near p, which implies that 7 C [M 3 — B(E)\. On the other 
hand, D a is mean convex as part of the boundary of B(E) and also as part of the 
boundary of B a . Since p lies in the interior of B a , then 7 C B a , which implies 
that 7 is contained in the interior of B(E) near top E D a . This is a contradiction 
which proves that S(E) 0 B a = D a . Hence, {B a } a£ r is a collection of compact 
pairwise disjoint domains. 

Although we did not subscript the collection { B n } oG r with the variable 5, the 
domains in it do depend on 6 . Letting 5 0, we obtain a related collection of 

limit compact domains { LV, }„ er, which we denote in the same way and which are 
pairwise disjoint. Let r a be the ray | s > 0} and for t E (0, |p a |], let II(o)/ 

be the plane perpendicular to r a at the point t |^ : ‘j. A standard application of the 
Alexandrov reflection principle to the region B a and using the family of planes 
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TI(a)t, gives that the connected component U a of D a — IT(o) r +\ Poi \ containing p a 

^ 2 

is graphical over its projection to 11(a) h+| P q | and its image U a , under reflection in 

2 ^ 

n(a)fl+| Pa |, is contained in B a . Thus, if ai,a 2 £ T and ai ^ ai, then f/ ai n 
^ 2 

U a2 = 0 because B ai n B a2 = 0. 

Since R< \ and \p a \ > jj > 1, the point p a has height at least | over 

the plane Ufa:) h+| P c[ |. Let p a G U a be the point in (Mill) n dB a that is the reflec- 

2 

tion of p a in the plane 11(a) n+\ P „ \. By the uniform curvature estimates in [27] for 

2 

oriented graphs with constant mean curvature (graphs arc stable with curvature es¬ 
timates away from their boundaries), it follows that each of the graphs U a contains 
a disk F(a) that is a radial graph over a closed geodesic disk D(p a , ell) in (Mill) 
centered at p a and of fixed geodesic radius ell > 0, where e is independent of M, 
R, a and H E (0,1], Since the surfaces U a form a pairwise disjoint collection of 
surfaces, the distances on 03(11) between the centers of different disks of the form 
I)(pa, ell), a E T, must be greater than ell. Therefore, {D(p a , pp) \ a E T} is 
a pairwise disjoint collection of disks in 8 M(R). Since a sphere of radius R con¬ 
tains a uniformly bounded number of pairwise disjoint geodesic disks of radius pf, 
independent of R, the last observation implies the first statement in Assertion 3.2. 

We now prove the second statement in the assertion. Arguing by contradiction, 
suppose D(n) is a sequence of disks satisfying the conditions of the proposition, 
the radii of these disks satisfy R n -e 0 and £ n C D(n) is a sequence of compo¬ 
nents with at least three boundary components {ai, a 2 , a: 3 } in T(n), where T(n) 
ai - e components of A(n) = that are not contained in the closed disk E(n). 
Now replace the disks D(n) by the scaled disks pjp I)(n) with mean curvatures 
H n converging to 0 as n —> 00 . For k = 1,2,3, a subsequence of the related 
sequence of stable constant mean curvature graphs J7” defined earlier converges 
to a flat plane IT/,, tangent to 03 ( }-/). Since the graphs f/” | , J/” 2 , (/", arc pairwise 
disjoint, if R n is sufficiently small, the number of these graphs must be at most 
two, otherwise after choosing a subsequence, two of the related limit planes III, 
II2, II3 must coincide and in this case one would find that the two related graphs 
Ua 1 , Ua 2 , Ua 3 intersect for n sufficiently large. This contradiction completes the 
proof of Assertion 3.2. □ 

Proposition 3.1 follows immediately from the estimates in Assertion 3.2. □ 

In the next lemma we prove curvature estimates for H- disks that depends on 
the nonzero value H of the mean curvature. 
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Lemma 3.3. Given 6 > 0 and H G (0, ^), there exists a constant Kq( 6 , H) such 
that for any H -disk V, 

su P{ P ex> | d R3 ( P ,dV)>5}\Av\ < K 0 (6, H). 

Proof. After translating V. we may assume that p = 0 and that (M{ 8 ) intersects 
V transversally. By Proposition 3.1, there is a universal Nq G N such that the 
component M of V n B(<5) containing 0 has at most Nq boundary components. 

Since M C V, the planar domain M has zero flux. After setting e = 8 and 
applying Theorem 2.2 to M, we find that there is a constant Kq( 6 , H ) such that 
A ; \/| (0) < K 0 (S, H), which proves the lemma. □ 

3.1 The Extrinsic Radius Estimate 

The next theorem states that there exists an upper bound for the extrinsic distance 
from a point in an H -disk to its boundary. 

Theorem 3.4 (Extrinsic Radius Estimates). There exists a constant IZq > it such 
that any H-disk T> has extrinsic radius less than In other words, for any point 
p G V, 

d R 3(p,dV) < U 0 /H. 

Proof. By scaling arguments, it suffices to prove the theorem for H = 1. Ar¬ 
guing by contradiction, suppose that the radius estimate fails. In this case, there 
exists a sequence of 1-disks V n passing through the origin such that for each n, 
d K 3 (0, dT> n ) > n + 1. Without loss of generality, we may assume that OM(n') 
intersects V n transversally. Let A n be the smooth component of V n n B(n) with 
0 G A n . By Lemma 3.3, the surfaces A„ have uniformly bounded norm of the 
second fundamental form. A standard compactness argument, see for instance 
Section 2.1 in this manuscript or the paper [24], gives that a subsequence of A n 
converges with multiplicity one to a genus zero, strongly Alexandrov embedded 1 
1 -surface A^ with bounded norm of the second fundamental form. 

By the Minimal Element Theorem in [24], for some divergent sequence of 
points q n G Aoo, the translated surfaces Aoo — q n converge with multiplicity one 
to a strongly Alexandrov embedded surface A- x in M 3 such that the component 
passing through 0 is an embedded Delaunay surface. Since a Delaunay surface 
has nonzero flux, we conclude that the original disks V n also have nonzero flux 
for n large, which is a contradiction. This contradiction proves that the extrinsic 
radius of a 1-disk V is bounded by a universal constant, and Theorem 3.4 now 
follows. □ 

1 Aoo is the boundary of a properly immersed complete three-manifold /: N 3 —> R 3 such that 
/|int(iv3) is injective and f(N 3 ) lies on the mean convex side of Aoo- 
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3.2 The Extrinsic Curvature Estimate 

In this section we prove the extrinsic curvature estimate stated in the Introduction. 

Proof of Theorem 1.1. Arguing by contradiction, suppose that the theorem fails for 
some 5, TL > 0. In this case there exists a sequence of H n -disks with H n > TL and 
points p n G V n satisfying: 


6 < d R 3 (p n ,dV n ), (1) 

n<\A Vn \(p n ). (2) 

Rescale these disks by H n to obtain the sequence of 1-disks D n = H n V n and 
a related sequence of points p n = H n p n . By definition of these disks and points, 
and equations (1) and (2), and Theorem 3.4, we have that 

5PL < 8 H n < d R 3 (p n , dV n ) < TZ 0 , (3) 

Ti 

JT < \ A vJ(Pn)- (4) 

Equation (3) and Lemma 3.3 imply that 

\A 3 J(p n ) < K 0 m,l). 

This inequality, together with equations (3) and (4), then gives 

A 77 

< — < |Ag |(p n ) < K 0 (Sn, 1), 

/vo n n 

which gives a contradiction for n chosen sufficiently large. This contradiction 
proves the desired curvature estimate. □ 
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